We present a first-principle construction of the massive fermionic field in 2+1 dimensions using the formalism developed by Wigner and Weinberg. The two-component fermionic field which furnishes an irreducible representation of the Poincaré group is shown to be inadequate to describe the kinematics of massive fermions. Instead, a four-component field is required. The field equation and Lagrangian density for the four-component field are derived from purely symmetry consideration. We find, for the resulting spinor QED and its non-Abelian generalisation, the effective action at oneloop obtained via Pauli-Villars regularisation no longer induce a Chern-Simons term. The absence of the Chern-Simons term is explained by a mass term in the Lagrangian density that has not been considered before in the literature. Our analysis reveal that the discrete symmetry transformations of the field are not unique. For each discrete operation, there are two possible transformations . In both cases, the particles and anti-particles have even intrinsic parities but opposite time-reversal phases. The effect the new mass term has on the transition probability is discussed by considering the Yukawa interaction.
I. INTRODUCTION
The Dirac equation and the underlying symmetry principle is a beautiful mathematical framework. It reveals the existing harmony between our theoretical construct and nature in the form of the Standard Model of particle physics. Despite its success, there remain many open questions, some of which such as the problem of quantum gravity and integrability, have motivated the study of lower-dimensional field theory [1, 2] .
While there has been extensive investigation on lowerdimensional gauge theory, fermionic field theory has received relatively little attention. In most cases, one assumes that the Dirac Lagrangian densities in 2+1 and 3+1 dimensions take the same form, the only difference being the dimensionality of the γ-matrices.
This paper provides a construction of massive fermionic fields in 2+1 dimensions from first-principle. The construction is based on the formalism developed by Wigner and Weinberg [3] [4] [5] [6] . The fermionic states and fields furnish irreducible representations of the Poincaré group. This task is straightforward, but to the best of our knowledge, has not been carried out in a satisfactory manner with the required mathematical rigour.
It is widely believed that the massive fermions in 2+1 dimensions can be described by a two-component field [7] [8] [9] [10] [11] . Here we show that although this field furnishes an irreducible representation of the Poincaré group, in order to describe the kinematics, a four-component field is required. This field satisfies the Dirac equation but it has a block-off-diagonal mass term that has not been considered before in the literature. The implications of these * cylee@ime.unicamp.br results are discussed in sections (IV) and (V).
The paper is organised as follows. Section (II) reviews the Poincaré algebra and the transformation of massive one-particle state in 2+1 dimensions. Section (III) constructs the massive fermionic field. Section (IV) derives the discrete symmetry transformations for the field and its Lagrangian density. Section (V) discusses the implications of the block-off-diagonal mass term.
II. POINCARÉ ALGEBRA IN 2+1 DIMENSIONS
Poincaré algebra in 2+1 dimensions can be written as
with µ = 0, 1, 2 and J µ = 1 2 ǫ µνρ J νρ where J νρ and P µ are the generators of the Lorentz algebra and spacetime translations respectively. The metric and the LeviCivita tensor are chosen to be η µν = diag(1, −1, −1) and ǫ 012 = 1 respectively. In terms of J µ and P µ , the Casimir invariants are
The general massive one-particle state |p, σ; m, s is defined as an eigenstate of P µ P µ |p, σ; m, s = p µ |p, σ; m, s .
At rest k µ = (m, 0), we have
It follows that the states are eigenstates of the Casimir invariants
where m and s are the mass and spin of the particle. The label σ is determined by the irreducible unitary representations of the Lorentz group via the Lorentz transformation [6] 
where the matrix D(W (Λ, p)) is the irreducible unitary representation of the little group. The elements of the little group are defined as
with L(p) being the standard Lorentz boost taking particles at rest to arbitrary momentum. The normalisation factor in eq. (6) is chosen so that the inner-product between particle states are orthonormal
III. MASSIVE PARTICLE STATES AND FIELDS
In 2+1 dimensions, the little group for the massive particle is SO(2). Its multi-valued irreducible unitary representation is given by [7] 
where σ ∈ R is a continuous, unrestricted real number. Substituting eq. (9) into eq. (6), we obtain
Since SO (2) is Abelian, the irreducible representation is one-dimensional and the label σ is Lorentz-invariant. Let ψ (σ) (x) be a quantum field associated with the state |p, σ; m, s
where u(p, σ) and v(p, σ) are the expansion coefficients to be determined. The field ψ (σ) (x) is manifestly covariant under space-time translations. The demand of Lorentz-covariance means that it must transform as
where D(Λ) is the finite-dimensional representation of the Lorentz group. Using eq. (12), we can determine the expansion coefficients of ψ (σ) (x). Expanding both sides of eq. (12) about the identities with D(R) = I + iJ 12 φ and D σσ ′ (W (R, p)) = δ σσ ′ (1 + iσφ) where we have used the fact that W (R, p) = R, the coefficients at rest are eigenvectors of J 12
The label σ instead of being continuous, is now restricted to the eigenvalues of J 12 and is therefore discrete. As for the expansion coefficients of arbitrary momentum, we take Λ = L(p) so that
where ϕ = ϕp is the rapidity parameter defined as
Under boost, the little group is trivial
We then obtain
We now have the necessary ingredients to construct massive fermionic fields in 2+1 dimensions. To apply the above formalism, we need to construct finite-dimensional generators of the Lorentz group. This is achieved by introducing the following γ-matrices [7] 
from which the irreducible generators are given by
For ψ (σ) (x), where σ = ±1/2 are the eigenvalues of J 12 , the expansion coefficients at rest are
Having obtained the solutions of the expansion coefficients, it is straightforward to derive the field equation. Towards this end, we compute the following spin-sums
are the dual coefficients. They are defined such that their inner-product with the expansion coefficients are Lorentz-invariant. Explicit computation yields
Multiply the spin-sums by u(p, σ) and v(p, σ) and using eq. (22), we obtain
Therefore, the field equation for
A sufficient condition for a Lorentz-invariant S-matrix is for the quantum fields to commute or anti-commute with its adjoint at space-like separation. A straightforward computation shows that however, ψ (σ) (x) does not satisfy this condition
unless the expansion coefficients vanish thus making it non-local. To solve this problem, one must introduce the field ψ(x)
where we sum over all the eigenvalues of J 12 . The field ψ(x) is now local and it is also consistent with Lorentz symmetry because the two fields ψ (−1/2) (x) and ψ (1/2) (x) transform according to eq. (12) with the same matrix D(Λ). The label σ now has a concrete physical interpretation. For the massive one-particle state |p, σ; m, s of spin s = 1/2, σ denotes the degeneracy of the state with σ = ±1/2. Equation (26) seems like an obvious choice. However, a closer examination shows this is an artefact derived from our intuition in 3+1 dimensions where the little group for massive particles is SO(3). This group is nonAbelian and its unitary irreducible representations are of 2s+1 dimensions. Therefore, in 3+1 dimensions, eq. (26) is a natural choice. But in 2+1 dimensions, the little group has only one-dimensional representations. Consequently, field operator associated with the representation is ψ (σ) (x). The fact that we need to introduce ψ(x) is forced upon us by the locality condition. However, as we show below, its introduction is still inadequate to describe massive fermions in 2+1 dimensions.
The field ψ(x) is local and satisfies the Poincaré symmetry. But in spite of these desirable properties, there are fundamental problems when one tries to use ψ(x) to describe the kinematics of the fermions. Due to the σ-dependent mass term for ψ (σ) (x), the field does not satisfy the Dirac equation
Additionally, the propagator is
Unlike its counterpart in 3+1 dimensions, the numerator does not contain a mass term since the spin-sums in 2+1 dimensions are γ µ p µ instead of γ µ p µ ±mI. Consequently, S(y, x) is not a Green's function of (iγ µ ∂ µ ± mI). In order to obtain a complete field-theoretic description of massive fermions in 2+1 dimensions, apart from Poincaré symmetry and locality, we impose the following conditions. Given the field Ψ(x) and its propagator S(y, x) = |T [Ψ(y)Ψ(x)]| , there must exist a Lorentzcovariant operator O(x) that satisfies
These are just the standard requirements for free-field theory. However, our analysis shows that ψ(x) does not met these conditions. Therefore, the two-component field is inadequate to describe the kinematics of massive fermions in 2+1 dimensions. These difficulties can be resolved by introducing a fourcomponent field Ψ(x) with the following Γ-matrices [12] 
(30) The resulting generators of the Lorentz group J µν is the direct sum of J µν of eq. (18)
We write the four-component field as
Its expansion coefficients are chosen to be
The normalisations and relative phases of the expansion coefficients given in eq. (33) are chosen in accordance with Lorentz symmetry. They also ensure locality of the field and that the free Hamiltonian is positive-definite.
Repeating the same calculations as we have done for the two-component expansion coefficients, we find
where
Their spin-sums are given by
which contain a block-off-diagonal mass term. Since the expansion coefficients have vanishing norms, they satisfy
The field equation and Lagrangian density are then
and anti-commutes with all the Γ µ matrices seem to suggest that ΨΓ 5 Ψ is a pseudo-scalar. But this is not the case. A careful analysis in the following section shows that ΨΓ 5 Ψ is even under parity and time-reversal but is odd under charge-conjugation.
IV. DISCRETE SYMMETRIES
The discrete transformations of the massive oneparticle states are given by In (i) , the matrices are all block-diagonal. In (ii), the matrices are all block-off-diagonal.
The discrete symmetry transformations of ψi(x). The matrix elements are α11 = α22 = 0, α12 = α21 = 1 and ǫ11 = ǫ22 = 0, ǫ12 = −ǫ21 = −1.
where C and P are the unitary representation of chargeconjugation and parity while T is the anti-unitary representation of time-reversal. The anti-particle states are denoted with a bar over their momenta. The phases associated with the discrete symmetry transformations will be determined. On the three-vector (t, x), the parity and time reversal matrix are defined as
Let A represent any one of the discrete transformations and D(A ) be its finite-dimensional representation. Under parity and time-reversal, the field transforms as
For charge-conjugation, we have
Recall that the Lorentz generator J µν is a direct sum of J µν . As a result, for each discrete symmetry transformation, D(A ) has two possible solutions which are blockdiagonal and block-off-diagonal (see table (I)). Writing the field Ψ(x) as
we see that the block-diagonal solutions map the fields to itself, while the block-off-diagonal matrices interchange the two fields as given in table (II). The phases in eq.(40) are dependent on the choice of D(A ). Their solutions are given in table (III). An interesting feature is that in both (i) and (ii), the particles and anti-particles have even intrinsic parities but odd time-reversal phases. This result is the opposite to their counterparts in 3+1 dimensions.
The Lagrangian density under C, P and T, is independent of the choice of D(A ). To compute its discrete 
symmetry transformations, it is more convenient to write
and use the results provided in table (II). Their transformations are
and
where A denotes the parity and time-reversal matrix.
V. THE MASS TERM
Having established the correct description for massive fermions in 2+1 dimensions, we now look at some modifications to theories that either use two-component fields or Lagrangian densities with block-diagonal mass terms.
An immediate modification is that the free propagator in the momentum space is given by
where the mass term is proportional to Γ 5 . Since Γ 5 and Γ µ are block-off-diagonal and diagonal respectively, the following trace vanishes
for all n. Unlike γ µ , where
the traces of odd products of Γ µ vanishes
These identities can be trivially derived, but they alter the fermionic scattering amplitudes with respect to theories with two-component fermionic fields or blockdiagonal mass terms. The appearance of imΨΓ 5 Ψ changes the results obtained in refs. [13] [14] [15] . Specifically, for spinor QED and its non-Abelian generalisation, the effective action at one-loop obtained via Pauli-Villars regularisation no longer induces a Chern-Simons term. To obtain the Chern-Simons term, the fermionic mass term must be (m/2)Ψ[Γ 3 , Γ 5 ]Ψ [16] . We know this is not possible because the correct mass term is imΨΓ 5 Ψ. A simple way to see the effect the mass term has on transition probability is by studying the Yukawa interaction. The full Lagrangian density is
The interacting term is chosen such that under the Higgs mechanism where φ → φ+v it yields the correct fermionic mass term. Another way to see why the Γ 5 factor is needed in the interaction is by computing the average transition probability of fermion-anti-fermion annihilation to a scalar particle. Summing over σ = ±1/2, the transition probability corresponding to the interaction igΨΨφ is proportional to (p · p ′ + m 2 ) where and p and p ′ are the initial and final momenta. This is non-physical for when the momenta are parallel p = p ′ , the probability should vanish. As for igΨΓ 5 Ψφ, the transition probability becomes proportional to (p · p ′ − m 2 ) which vanishes when p = p ′ as expected.
VI. CONCLUSIONS
The original derivation of the Dirac equation is at best an educated guess and a reflection of Dirac's genius [17] . Given its significance, it is imperative to obtain a better understanding based on first-principle. The works of Wigner and Weinberg have bridged this gap and have given us a more mathematically rigorous understanding of the Dirac equation and general field theory with Poincaré symmetry.
The Wigner-Weinberg formalism allows us to construct particle states and fields from first-principle. This provided a means to verify and extend existing results. In this paper, we have applied the formalism to derive the massive Dirac equation and its Lagrangian density in 2+1 dimensions. Contrary to the usual assumption, massive fermions must be described by a four-component field with block-off-diagonal mass-term. As a result, the discrete transformations of the field is not unique and that the one-loop correction to the effective action in spinor QED and its non-Abelian generalisation no longer induce a Chern-Simons term.
In this paper, we have only outlined the general modifications to fermionic scattering amplitudes due to the block-off-diagonal mass term. We did not discuss the effects of discrete symmetries. To appreciate these results, further investigation is required. Finally, it would also be interesting to derive the mass-terms and study the discrete symmetry transformations of higher-spin fields in 2+1 dimensions.
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